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a b s t r a c t
In this paper, a new Picone-type identity for the quasilinear differential operator of the
second order is used to establish an integral inequality involving functions and their
derivatives which generalizes the classical Wirtinger inequality.
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1. Introduction
It is well known that if u ∈ C1([a, b],R) satisfies u(a) = u(b) = 0, then∫ b
a
u2dt ≤ (b− a)
2
π2
∫ b
a
u′2dt (I1)
with the equality holding if and only if u(t) = K sin[π(t−a)/(b−a)] for some constant K , and, similarly, if u ∈ C1([a, b],R)
satisfies u(a) = 0, then∫ b
a
u2dt ≤ 4(b− a)
2
π2
∫ b
a
u′2dt (I2)
and the equality holds if and only if u(t) = K sin[π(t − a)/2(b− a)] for some constant K (see, for example, [1]). One of the
most powerful and efficient ways to prove (I1) and (I2) is to relate these integral inequalities to certain linear differential
equations of the second order.
The purpose of this paper is to develop further this method and to demonstrate that new integral inequalities of the
Wirtinger type can be obtained by considering an underlying nonlinear second-order differential inequality of the form
(p(t)|v′|α−1v′)′ + q(t)|v|α−1v + λr(t)|v|β−1v ≤ 0
where α > 0, β > 0 are constants (not necessarily equal), λ is a real parameter and p, q and r are continuous functions in
an open interval I with p(t) > 0 in I .
In the case α = β = 1, the results of this work reduce to the well-known results from [2]. The more general ‘‘mixed
linear–half-linear’’ case α > 0 and β = 1 was studied in [3], but the paper contains several errors and the results contained
in Theorems 5 and 6 are surely not true. In particular, from the differential identity used in the proof it is clear that the
integrand on the left-hand side of (15) and (17) should be (qvα−2 + λ0r)u2 and not (q + λ0)u2vα−2. (Notice that α in [3]
plays the role of α + 1 from the present paper.)
Thus, our purpose here is to correct the results from [3] and at the same time generalize them to the case where β > 0
is an arbitrary number.
In the proof, a new Picone-type differential identity will be utilized.
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2. Main results
Let Lα be the half-linear differential operator of the second order defined by
Lαv = (pϕα(v′))′ + qϕα(v)
where ϕα(v) = |v|α−1v, α > 0, and p and q are continuous functions on an open interval I = (a, b),−∞ ≤ a < b ≤ ∞,
with p(t) > 0 in I . The domainDLα of Lα is defined to be the set of all real-valued functions v in I such that v
′ and (pϕα(v′))′
exist and are continuous in I .
The generalization of an integral inequality from [2]will be obtained by considering the underlying differential inequality
Lαv + λrϕβ(v) ≤ 0 (1)
in I , where β > 0 (not necessarily equal to α), λ is a real number and r is a positive continuous function in I .
Let ACloc(I) denote the set of all real-valued functions which are absolutely continuous on every closed subinterval of I .
For a positive solution v ∈ DLα of (1), we consider functions u ∈ ACloc(I) such that the limits
Sa(u, v) = lim
t→a+
p(t)|u(t)|β+1ϕα(v′(t))
ϕβ(v(t))
(2a)
Sb(u, v) = lim
t→b−
p(t)|u(t)|β+1ϕα(v′(t))
ϕβ(v(t))
(2b)
exist and are finite.
Theorem 1. Let v ∈ DLα be a positive solution of (1) in I for some real number λ. If u ∈ ACloc(I) is such that the limits
in (2a) and (2b) exist and are finite, then∫
I
(qvα−β + λr)|u|β+1dt ≤
∫
I
p|u′|β+1|v′|α−βdt + Sa(u, v)− Sb(u, v) (3)
holds if the integrals in (3) exist. The equality holds if and only if u(t) is a constant multiple of v(t) on I.
Proof. It is not difficult to verify that u and v satisfy the Picone-type differential identity
d
dt

|u|β+1pϕα(v′)
ϕβ(v)

= −p|v′|α−βΦβ [u′, uv′/v] + p|u′|β+1|v′|α−β + |u|
β+1
ϕβ(v)
[Lαv − qϕα(v)] (4)
where
Φβ [u′, uv′/v] := |u′|β+1 + β|uv′/v|β+1 − (β + 1)u′ϕβ(uv′/v) ≥ 0
with the equality holding iff u and v are proportional on I (a consequence of the Young inequality).
Using (1) and integrating (4) from A to B, where a < A < B < b, we obtain
|u|β+1pϕα(v′)
ϕβ(v)
B
A
≤
∫ B
A
[p|u′|β+1|v′|α−β − (qvα−β + λr)|u|β+1]dt (5)
where the equality holds iff u(t) is a constant multiple of v(t) on I . Finally, taking the limits as A → a+ and B → b−, we
get (3). 
As a specialization of Theorem 1, consider the case where v is a positive eigenfunction corresponding to the smallest
eigenvalue λ0 of the boundary-value problem on a bounded interval [a, b]
Lαv + λ0rϕβ(v) = 0 in (a, b) (6)
and
c1v(a)− p(a)ϕα(v′(a)) = 0 (7a)
c2v(b)+ p(b)ϕα(v′(b)) = 0 (7b)
where−∞ ≤ c1, c2 ≤ ∞, (by convention, the cases c1 = ∞ and c2 = ∞ correspond to the boundary conditions v(a) = 0
and v(b) = 0, respectively) and the continuity of p, q and r extends to [a, b]. If c1 and c2 are finite numbers, then the
conditions (2a) and (2b) reduce to
Sa(u, v) = c1|u(a)|β+1 and Sb(u, v) = −c2|u(b)|β+1, (8)
respectively. In the case c1 = ∞ (and/or c2 = ∞) the additional assumption that u(a) = 0 (and/or u(b) = 0) is needed to
conclude that Sa(u, v) = 0 (and/or Sb(u, v) = 0). If α = β and u is continuously differentiable on [a, b], this can be shown
easily by using the L’Hospital rule and the fact that v can have only simple zeros.
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Theorem 2. If v ∈ DLα is a positive eigenfunction for the boundary-value problem (6), (7a) and (7b) in a bounded interval [a, b]
corresponding to the smallest eigenvalue λ0, then any absolutely continuous function u on [a, b] satisfies the integral inequality∫ b
a
(qvα−β + λ0r)|u|β+1dt ≤
∫ b
a
p|u′|β+1|v′|α−βdt + c1|u(a)|β+1 + c2|u(b)|β+1 (9)
(provided that the integrals in (9) exist). The equality in (9) holds iff u and v are proportional on I.
Remark 1. If α = β = 1, then our Theorems 1 and 2 reduce to Theorems 1 and 2 in [2].
Let α = β > 0, p ≡ 1, q ≡ 0, r ≡ 1 on [a, b], c1 = c2 = ∞ (i.e., v(a) = v(b) = 0), λ0 = α(πα/(b − a))α+1, and
v(t) = sinα[πα(t − a)/(b − a)] where πα = 2π/(α + 1) sin(π/(α + 1)) and sinα is the 2πα-periodic generalized sine
function (see, for example, [4] and for slightly different definition also [5]). Then we have
Corollary 1. Every u ∈ C1([a, b],R) with u(a) = u(b) = 0 satisfies∫ b
a
|u|α+1dt ≤ (b− a)
α+1
απα+1α
∫ b
a
|u′|α+1dt (10)
and the equality holds if and only if u(t) = K sinα[πα(t − a)/(b− a)] for some constant K .
Next, let c1 = ∞ (i.e., v(a) = 0), c2 = 0, p ≡ 1, q ≡ 0, r ≡ 1 on [a, b], λ0 = α[πα/2(b − a)]α+1 and
v(t) = sinα[πα(t− a)/2(b− a)]where πα and sinα are as in Corollary 1. Then the following generalization of the inequality
(I2) holds.
Corollary 2. If u ∈ C1([a, b],R) is such that u(a) = 0, then∫ b
a
|u|α+1dt ≤ [2(b− a)]
α+1
απα+1α
∫ b
a
|u′|α+1dt (11)
and the equality holds if and only if u(t) = K sinα[πα(t − a)/2(b− a)] for some constant K .
The generalization of themain theorem from [1] can be easily obtained if we apply Theorem2 to the casewhereα = β >
0, p ≡ 1, q ≡ 0, r ≡ 1on [a, b], c1 = ∞ (i.e. v(a) = 0), c2 = 0 (i.e., v′(b) = 0),λ0 = α[πα/2(b−a)]α+1, u(t) = w(t)−w(a),
and v(t) = sinα[πα(t − a)/2(b− a)].
Corollary 3. Every functionw ∈ C1([a, b],R) satisfies the inequality∫ b
a
|w(t)− w(a)|α+1dt ≤ [2(b− a)]
α+1
απα+1α
∫ b
a
|w′(t)|α+1dt (12)
where the equality holds if and only if w(t) = w(a)+ K sinα[πα(t − a)/2(b− a)] for some constant K .
Finally, in the general case of different α > 0 and β > 0 with p ≡ 1, q ≡ 0, r ≡ 1, on [a, b], c1 = ∞ (i.e. v(a) = 0),
c2 = 0 (i.e., v′(b) = 0), λ0 = α(β+1)πα+1αβ /(α+1)[2(b−a)]α+1 and v(t) = sinαβ [παβ(t−a)/2(b−a)]where παβ , sinαβ t
and cosαβ t are defined in [4] (see also [5]), from Theorem 2 we obtain the following result.
Corollary 4. For anyw ∈ C1[a, b], the inequality∫ b
a
|w(t)− w(a)|β+1dt ≤ α + 1
α(β + 1)

2(b− a)
παβ
β+1 ∫ b
a
cosα−βαβ

παβ(t − a)
2(b− a)

|w′(t)|β+1dt
holds. The equality is attained iff
w(t) = w(a)+ K sinαβ παβ(t − a)2(b− a)
for some constant K .
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